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Abstract 
Over the last couple of years, the reports of the Romanian Insurance Supervisory Commission showed that for some lines of 
businesses, most of the main insurance companies experienced losses or a significant decline in the amount of gross written 
premiums, namely for the voluntary CASCO insurance. In this paper we develop a particular model that analyzes the 
evolution of the insurance company capital on a finite time horizon. We consider a discrete time insurance model in which 
any surplus available at the beginning of a year is reinvested with an interest rate that is modeled by a fuzzy number. In 
addition, a discount is given to policy holders in any year in which no claims are recorded. In this setup, we also analyze the 
ruin probability of the insurance company. Numerical illustration provides levels of the surplus and of the ruin probability 
at the end of three year time horizon, depending on the initial reserve and on the discrete distribution of the independent and 
identically distributed claims that may occur. 
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1. Introduction 
An insurance model describes the evolution, usually over an extended period of time, of the capital of an 
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insurance company. It is supposed that it has an initial risk reserve, also called initial capital. For a particular 
line of business, each period of time, usually one year, the insurance company receives premiums in exchage 
for accepting the risk and pays the claims. The surplus is defined as the difference between the premiums 
collected (gross written premiums) and the claims paid (indemnities). We are interested in the situations in 
which the amount of the surplus becomes negative, therefore the company may not be able to pay its 
obligations. The probability of such an event is called ruin probability. There are various ways to assess the 
aggregate claim distribution, the surpluss process and the probability of ruin (Klugman et al., 2004). In the 
classical risk model, the claims are described by independent and identically distributed random variables, and 
the premium rate is a fixed constant amount that does not depend on the claim history and is calculated such 
that it contains a safety loading. Recently, in several papers there have been developed risk models quantifying 
different types of departures from the classical risk model (Albrecher and Asmussen, 2006, Albrecher and 
Boxma, 2004, Albrecher and Teugels, 2006, Zhou and Cai, 2009, Naghi, 2013). Especially for motor insurance 
policies, the amount of the premium may be adjusted given the loss experience. 
In this paper we consider a discrete time insurance model in which the premium corresponding to a given 
period may be reduced if no claims are recorded in the previous period of time. In addition, we consider that 
any surplus available at the beginning of a period will earn an interest calculated with an interest rate given by a 
fuzzy number. 
Recently, there have been published several papers using fuzzy numbers or fuzzy random variables to 
quantify the uncertainty related to some financial parameters (Georgescu, 2009), like the interest rate. Also, the 
fuzzy number approach was used to calculate endowments in life insurance (De Andrés-Sánchez and Gonzáles-
Vila Puchades, 2014) which can extend the work of ğiĠan et al., 2013. 
In section 2 and 3 we describe the surplus process for a discrete time insurance model, the survival and ruin 
probability. Section 4 presents the basic concepts on fuzzy numbers. In section 5 we used fuzzy numbers to 
evaluate the ruin probability and section 6 contains the numerical illustration of the method developed in the 
paper. 
2. The surplus process for a discrete time insurance model 
The surplus process in discrete time is denoted by {Ut, t=0,1,…}, where U0=u is the initial surplus or the 
initial capital or the risk reserve of an insurance company. Its main components are: {Pt, t=0,1,…} the process 
describing the amount of the premium received in the t-th period, {At, t=0,1,…} the earnings process, meaning 
the gain from investments made at the beginning of the time period t, in the time period t, and {St, t=0,1,…} the 
loss process of claims paid in the t-th period. Let us denote the increment in the surplus process in period t as 
Wt=Pt+At−St, t=1,2,… . Therefore, the amount of the surplus that the insurance company has at the end of the t-
th period of time is 
( ) ,...2,1,
1
1
1
=−++=
−++=
+=
¦
=
−
−
tSAPu
SAPU
WUU
t
j
jjj
tttt
ttt
  (1) 
We assume that, given Ut-1, the random variable Wt depends only upon Ut-1 and not upon any other previous 
experience. 
3. The survival and ruin probability 
The discrete-time, finite-horizon survival probability is given by 
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( ) ( )uUtUPu t ==≥=Φ 0,...,1,0 allfor  0, ττ ,  (2) 
the discrete-time, infinite-horizon survival probability is 
( ) ( )uUtUPu t ==≥=Φ 0,...1,0 allfor  0 ,  (3) 
the discrete-time, finite-horizon ruin probability is 
( ) ( )ττ ,1, uu Φ−=Ψ ,  (4) 
and the discrete-time, infinite-horizon ruin probability is 
( ) ( )uu Φ−=Ψ 1 .  (5) 
Using the distribution of Ut, we will calculate recursively the ruin probability Ȍ(u,Ĳ)=P(Ut<0|U0=u), 
following the method of convolutions. Given that we obtained the discrete probability function of the 
nonnegative surplus Ut-1: 
( ) ( ) njuUPf jttj ,...,2,1,11 === −−   (6) 
where uj0, for every j, then the ruin probability is 
( ) ( )uUUPtu t =<=−Ψ − 01 01, .  (7) 
The probabilities defined as gj,k=P(Wt=wj,k|Ut-1=uj) give the conditional distribution of the increment random 
variable for the period t, given the amount of the surplus in the previous period. Then the next formula is 
obtained (Mircea et al., 2012) 
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4. Basic concepts on fuzzy numbers 
Definition. (Zadeh, 1965). A fuzzy set X in the universal (classical) set U is characterized by a membership 
function ȝX:Uĺ[0,1], where ȝX(x) is the grade of membership of x in X, Ux∈∀ . 
Let the set U be the real line, and let X be a fuzzy set in U, then: 
a) X is a normal fuzzy set if and only if ( ) 1sup =
∈
xX
Ux
μ . 
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b) X is a convex fuzzy set if and only if for Uyx ∈∀ ,  and ]1,0[∈∀α  we have 
( )( ) ( ) ( )yxyx XXX μμλλμ ∧≥−+ 1 , where },min{ βαβα =∧ . 
Definition. A fuzzy number (FN) X is a normal, convex set in the universal set U. 
Definition. A triangular fuzzy number (TFN) X is defined by the triplet ( )cbaX ,,=  and the membership 
function 
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For [ ]1,0∈∀α , the α -cuts of the TFN X are the numbers αα XX , , such that we can write 
( ) ( )[ ]ααααα ⋅−−⋅−+== bccabaXXX ,],[ .  (11) 
5. The interest rate as a fuzzy number and the ruin probability 
Let us suppose that the periods of time are years and the annual interest rate is a TFN i~  with α -cuts 
( ) ( )],[ ααα iii = , for [ ]1,0∈∀α .  (12) 
The gain from investing the available surplus in year t, as well as the amount of the increment of the surplus, 
will depend on the TFN interest rate i~  and on α , hence they will be denoted ( )αtA  and ( )αtW , respectively, 
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The conditional distribution of ( )αtW  is given by the probabilities 
( )( )jtkjtkj uUwWPg === −1,,,, ααα .  (15) 
The ruin probability is calculated according to the following formula 
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6. Numerical illustration 
The distribution of the amount of claims in one year can be approximated by a discrete random variable such 
that less significant indemnities could correspond to 0 u. m., the most frequent values of the claims or the 
modal class could correspond to a value of 3 m. u., and the class of highest losses is represented by the amount 
of 10 u. m.. In the case it is difficult to estimate the distribution of the losses, such an approach would be very 
helpful for practitioners. Therefore, the annual losses, in monetary units (m. u.), are described by independent 
and identically distributed discrete random variables with the common distribution 
¸¸¹
·
¨¨©
§
3.05.02.0
1030
:tS ,  (17) 
where the associated probabilities where chosen such that the modal class has a significant weight, and, with 
respect to the class of small losses, we assign a higher probability to the class of large indemnities. 
The initial surplus is u=11 m. u., at the beginning of each year the insurance company receives premiums of 
2 m. u., and claims are paid at the end of the year. Any surplus available at the beginning of the year will earn 
an interest modeled by the TFN i~ =[0.03; 0.05; 0.06]. For ∈∀α [0, 1], 
( ) ( )
[ ]αα
ααα
⋅−⋅+=
=
01.006.0,02.003.0
],[ iii
  (18) 
and the α -cuts of the annual accumulation factor are 
[ ]ααα ⋅−⋅+= 01.006.1,02.003.1u .  (19) 
In addition, the insurance company considers a discount of 10% for the premium in each year no claims are 
recorded. 
The ruin probability at the end of the first three years is calculated according to (16). 
If 1=α , then from (18) and (19) we have that the annual interest rate is i1=0.05 and the annual 
accumulation factor is u1=1.05. Table 1 presents the amount of the surplus at the beginning of each of the first 
three years, the amount of the increment, the corresponding probabilities together with the probability of ruin at 
the end of each year. 
Table 1. The evolution of the amount of surplus and the ruin probabilities 
 Ut-1 
(m.u.) 
( )1t
jf −  
( ),1 ,1,j jw g  
(0, 0.2) 
( ),2 ,2,j jw g  
(3, 0.5) 
( ),3 ,3,j jw g  
(10, 0.3) 
t=1 11 1 (13.65; 0.2) (10.65, 0.5) (3.65, 0.3) 
( ) 01,11 =Ψ  
t=2 13.65 0.2 (16.2225, 0.04) (13.2225, 0.10) (6.2225, 0.06) 
10.65 0.5 (13.2825, 0.10) (10.2825, 0.25) (3.2825, 0.15) 
3.65 0.3 (5.9325, 0.06) (2.9325, 0.15) (<0, 0.09) 
( ) 09.02,11 =Ψ  
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t=3 16.2225 0.04 (18.9236, 0.008) (15.9236, 0.02) (8.9236, 0.012) 
13.2225 0.10 (15.9836, 0.02) (12.9836, 0.05) (5.9836, 0.03) 
6.2225 0.06 (8.6334, 0.012) (5.6334, 0.03) (<0, 0.018) 
13.2825 0.10 (15.8366, 0.02) (12.8366, 0.05) (5.8366, 0.03) 
10.2825 0.25 (12.8966, 0.05) (9.8966, 0.125) (2.8966, 0.075) 
3.2825 0.15 (5.5466, 0.03) (2.5466, 0.075) (<0, 0.045) 
5.9325 0.06 (8.1191, 0.012) (5.1191, 0.03) (<0, 0.018) 
2.9325 0.15 (5.1791, 0.03) (2.1791, 0.075) (<0, 0.045) 
( ) 126.03,11 =Ψ  
 
If 5.0=α , the annual accumulation factor is [ ]055.1,04.1=αu , and the possible amounts of increment in 
the surplus for the first year are the fuzzy numbers given below 
( ) [ ] [ ]715.13,52.1313.078.13,26.039.13211
,1,1 =⋅−⋅+=⋅+= αααα uw
[ ] [ ]715.10,52.1013.078.10,26.039.10
,2,1 =⋅−⋅+= αααw
[ ] [ ]715.3,52.313.078.3,26.039.3
,3,1 =⋅−⋅+= αααw  
Table 2 summarizes the possible outcomes at the end of the first and second year for 5.0=α  and in Table 3 
we give the possible outcomes, for 0=α , at the end of the first year. 
Table 2. The fuzzy numbers describing the possible outcomes at the end of the first two years and the ruin probability, for 5.0=α  
 Ut-1 
(m.u.) 
( )1t
jf −  
(wj,1,0.5, gj,1,0.5)  
(0, 0.2)  
(wj,2,0.5, gj,2,0.5)  
(3, 0.5)  
(wj,3,0.5, gj,3,0.5)  
(10, 0.3)  
t=1 11 1 ([13.52, 13.715], 0.2) ([10.52, 10.715], 0.5) ([3.52, 3.715], 0.3) 
( ) 01,11 =Ψ  
t=2 [13.52, 13.715] 0.2 ([15.9, 16.3], 0.04) ([12.9, 13.3], 0.10) ([5.9, 6.3], 0.06) 
[10.52, 10,715] 0.5 ([13.0, 13,4], 0.10) ([10.2, 10.4], 0.25) ([3.0, 3.4], 0.15) 
[3.52, 3.715] 0.3 ([5.7, 8.2], 0.06) ([2.7, 3.3], 0.15) ([<0, <0], 0.09) 
( ) 09.02,11 =Ψ  
Table 3. The fuzzy numbers describing the possible outcomes at the end of the first year and the ruin probability, for 0=α  
 U0=u 
(m.u.) 
( )1t
jf −  
(wj,1,0, gj,1,0)  
(0, 0.2)  
(wj,2,0, gj,2,0)  
(3, 0.5)  
(wj,3,0, gj,3,0)  
(10, 0.3)  
t=1 11 1 ([13.39, 13.78], 0.2) ([10.39, 10.78], 0.5) ([3.39, 3.78], 0.3) 
( ) 01,11 =Ψ  
 
For the other remaining years we only give the final results. The ruin probabilities, at the end of the three 
years, both for 5.0=α  and 0=α , are equal to ( ) 126.03,11 =Ψ . 
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7. Conclusions 
In this paper, using fuzzy numbers, we developed an approach to calculate the ruin probability for a discrete 
time insurance model in which any available surplus is reinvested and the policy holders can obtain a discount 
when no claims are recorded in the previous period. Fuzzy numbers could quantify the uncertainty of the 
interest rate, so the model developed has captured another source of uncertainty. The model was illustrated by a 
numerical example in which the ruin probabilities were evaluated. In addition, the model can calculate the α -
cuts of the amount of the increment in the surplus at the end of each period, so an actuary may have more 
information on the domain that quantities like the surplus can fluctuate. The particular distribution of the losses 
generated the same probabilities of ruin at the end of the three years period of time for the chosen α -cuts, 1, 
0.5, and 0, but this may not be the case for another distribution. Another particularity of this numerical 
application is the fact that the intervals limits of the amount of the surplus are both either positive, indicating 
that the insurance company operates well, or negative, signaling a ruin situation. We may ascertain that the 
model and the application developed through the paper can become a useful tool for actuaries, as they would 
have a better control on the resources of the insurance company. An extension of the proposed model could 
point out a situation in which the limits of the interval for the surplus have different signs, so, considering the 
negative part, the insurance company may not be able to pay indemnities. For such cases, it would be helpful to 
obtain the ruin probability. 
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